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We study quantum channels that are close to another channel with weakly additive Holevo information, and we derive upper bounds on their classical capacity. Examples of channels with
weakly additive Holevo information are entanglement-breaking channels, unital qubit channels, and
Hadamard channels. Related to the method of approximate degradability, we define approximation
parameters for each class above, which measure how close an arbitrary channel is to satisfying the
respective property. This gives us upper bounds on the classical capacity in terms of functions of the
approximation parameters, as well as an outer bound on the dynamic capacity region of a quantum
channel. Since these parameters are defined in terms of the diamond distance, the upper bounds
can be computed efficiently using semidefinite programming (SDP). We exhibit the usefulness of
our method with two example channels: a convex mixture of amplitude damping and depolarizing
noise, and a composition of amplitude damping and dephasing noise. For both channels, our bounds
perform well in certain regimes of the noise parameters in comparison to a recently derived SDP
upper bound on the classical capacity. Along the way, we define the notion of a generalized channel
divergence (which includes the diamond distance as an example), and we prove that for jointly
covariant channels these quantities are maximized by purifications of a state invariant under the
covariance group. This latter result may be of independent interest.

I.

INTRODUCTION

In information theory, an imperfect communication
link between a sender and a receiver is modeled as a noisy
channel. The capacity of such a channel is defined as the
largest rate at which information can be sent through the
channel reliably. In his 1948 paper that founded information theory, Shannon [1] gave a simple formula for the
capacity of a channel in terms of the mutual information
between an input random variable and the corresponding channel output random variable, maximized over all
possible input distributions. One of the most remarkable
aspects of Shannon’s formula is its single-letter nature,
meaning that the capacity of a channel only depends on
the output statistics of a single use of it.
Quantum information theory generalizes the classical
theory, incorporating quantum phenomena like entanglement that have the potential of enhancing communication capabilities. Communication is modeled by quantum channels. Depending on the type of information to
be sent through a quantum channel, and the resources
available to the sender and the receiver, there are various
capacities characterizing a channel’s capabilities. In this
paper, we focus mainly on the task of unassisted classical information transmission through a quantum channel.
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One may define a quantum analogue of the channel mutual information mentioned above, the Holevo information (see (4) in Section II D), which again quantifies the
maximal possible mutual information between a (classical) input random variable to a quantum channel and
its (quantum) output state. Restricting the encoding in
the information-processing task so that entangled inputs
across different channel uses are not allowed, the Holevo
information of a quantum channel is indeed equal to the
product-state classical capacity of the channel [2, 3].
In quantum information theory, it is natural to allow
for general encodings that entangle inputs to the channel across different channel uses, since this potentially
improves communication rates. In this scenario, the situation is more complicated, as the classical capacity of a
quantum channel is now given by the regularized Holevo
information [2, 3]. The regularization here means that
the Holevo information needs to be evaluated for an arbitrary (unbounded) number n of channel uses; the largest
such value normalized by n is then equal to the classical capacity. The evaluation of the Holevo information
for an unbounded number of uses of the channel renders
the classical capacity intractable to compute, unless the
Holevo information is additive. In this latter case, the
normalized Holevo information is the same for all n.
Additivity of the Holevo information is known to hold
for certain classes of channels such as entanglementbreaking channels [4], unital qubit channels [5], depolarizing channels [6], and Hadamard channels [7, 8]. Moreover, a covariant qubit channel whose symmetry group
forms a one-design on the output space also has additive
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Holevo information (see Section III A for details). However, Hastings [9] found an example of a channel that
violates additivity of the Holevo information. Thus, the
regularization in the classical capacity formula seems to
be necessary in general. A well-known example of a qubit
channel with unknown classical capacity is the amplitude
damping channel. Deriving a tractable expression for its
classical capacity remains a major open problem in quantum information theory—see [10] for a lower bound and
[11] for an upper bound.
A quantum channel can also be used to transmit other
types of information besides classical information. For
example, the quantum capacity of a quantum channel
quantifies the highest rate at which quantum information can be sent through the channel reliably. Similar to
the classical capacity, the quantum capacity was shown
to be equal to the regularization of a quantity called the
coherent information [12–18]. However, the coherent information can be superadditive [19] (see also [20] for an
extreme form of this). Thus, the regularization in the
quantum capacity formula is generally necessary, rendering the capacity intractable to compute in most cases.
A similar situation holds when a quantum channel is
used to transmit private classical information. The corresponding private capacity can again be expressed as the
regularization of a quantity called the private information
[18, 21], and the latter was found to be superadditive as
well [22]. However, for the class of degradable quantum
channels [23] both the coherent information and the private information are additive ([23] resp. [24]), and in fact
equal to each other [24]. Subsequently, for these channels
both the quantum and private capacity are equal to the
coherent information.
Due to the non-additivity of the Holevo information,
the coherent information, and the private information,
the corresponding capacities (classical, quantum, private) are poorly understood except in a few particular
cases. Thus, to characterize the communication capabilities of most quantum channels we are left with finding
good (lower and) upper bounds on their various capacities. A powerful method to find such upper bounds on
the quantum and private capacity of a channel was recently developed by Sutter et al. [25]. For an arbitrary
channel, they defined an approximate degradability parameter, which measures how close a channel is to being
degradable (in which case it would have additive coherent and private information). Approximately degradable
channels have approximately additive coherent and private information, and this fact can be used to obtain
good upper bounds on the quantum and private capacity,
respectively. Moreover, these bounds can be easily evaluated as the degradability parameter is the solution to a
semidefinite program (SDP). The method has also been
applied recently to bound various capacities of bosonic
thermal channels [26].

A.

Main results and organization of the paper

In this paper, we apply techniques similar to those developed in [25] to the task of classical information transmission, in order to obtain upper bounds on the classical
capacity of a channel. The main mathematical tool is
a continuity result for the classical capacity of quantum
channels, recently proved in [27]. This result can be used
to obtain upper bounds on the classical capacity of a
channel that is close (in diamond distance) to a quantum
channel with weakly additive Holevo information (Corollary II.7). We then define notions of approximate covariance, approximate entanglement-breaking, and approximate Hadamard-ness, that measure how far a given arbitrary channel is from satisfying the respective defining
property. In each case, Corollary II.7 gives upper bounds
on the classical capacity of the channel (Corollaries III.5,
III.7, and III.11, respectively). In addition, we define an
alternative notion of approximate Hadamard-ness in the
spirit of [25], and we derive an analogous upper bound
on the classical capacity in Theorem III.14. This alternative approximate Hadamard-ness parameter can also be
used to obtain an outer bound on the “dynamic capacity
region” of a channel (Theorem III.16), characterizing the
ability of a quantum channel to simultaneously transmit
classical and quantum information as well as generate entanglement between a sender and receiver. In all cases
above, the corresponding approximation parameters can
be computed (or bounded) via SDPs, and thus evaluated
efficiently.
We demonstrate the usefulness of our approach on two
examples of channels for which additivity of the Holevo
information is not known to hold: a convex mixture of an
amplitude damping channel and a depolarizing channel,
and the composition of an amplitude damping channel
and a Z-dephasing channel. For both channels, we compare our upper bounds to an SDP upper bound on the
classical capacity recently derived by Wang et al. [11].
Along the way, we define the notion of a generalized
channel divergence that includes the diamond distance
between quantum channels. We prove in Proposition II.4
that for jointly covariant channels (i.e., two channels that
are covariant with respect to the same group) any generalized channel divergence is maximized by purifications of
a covariant state, i.e., a state invariant under the covariance group. This result may be of independent interest
and has been employed recently in [26]. Specializing it
to the diamond distance, we obtain an analytical formula
for the covariance parameter of the amplitude damping
channel (Proposition IV.2).
The rest of the paper is organized as follows: In Section II we first fix some notation, and we then define
and discuss the following central objects of our paper:
quantum channels, the diamond norm, generalized channel divergences, the Holevo information of a quantum
channel, and the classical capacity of a quantum channel. In Section III, we introduce four different notions
of approximate additivity of the Holevo information of a
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quantum channel, based on how close the channel is to
being covariant, entanglement-breaking, or Hadamard,
respectively. We show how these notions lead to upper
bounds on the classical capacity of a quantum channel,
as well as an outer bound on the dynamic capacity region of a quantum channel. In Section IV we apply our
results to two examples of channels and furthermore discuss why our methods do not give useful bounds for the
amplitude damping channel. Finally, we give some concluding remarks in Section V. Appendices A, B and C
contain proofs of some technical results.

II.

PRELIMINARIES

In this paper, we use the following notation: For a finite dimensional Hilbert space H, we denote by B(H) the
algebra of linear operators acting on H. For a Hilbert
space HA associated to a quantum system A, we set
|A| := dim HA . We write XA1 ...An for operators in
B(HA1 ...An ), where HA1 ...An := HA1 ⊗ · · · ⊗ HAn . A
(quantum) state ρA is a positive semidefinite, normalized
operator, i.e., ρA ≥ 0 and Tr ρA = 1. A pure state ψA is
a state with rank 1, to which we can associate a normalized vector |ψiA ∈ HA (i.e., hψ|ψiA = 1) such that ψA =
|ψihψ|A . We denote by P(HA ) := {ρ ∈ B(HA ) : ρ ≥ 0}
the set of positive semidefinite operators on HA , and
by D(HA ) := {ρ ∈ P(HA ) : Tr(ρA ) = 1} the set of
states on HA . For a state ρA , the von Neumann entropy
S(ρA ) ≡ S(A)ρ is defined by S(A)ρ = − Tr ρA log ρA ,
where log is taken to base two here and throughout this
paper.

where A0 ∼
= HA as Hilbert
= A (by which we mean HA0 ∼
spaces). The Choi operator NAB of a quantum channel
N:A∼
= A0 → B is defined as
NAB := (idA ⊗N )(γAA0 ),
where idA denotes the identity map on B(HA ). The Choi
operator satisfies NAB ≥ 0 and TrB NAB = 1A , where
1A denotes the identity operator on HA . Conversely,
any bipartite operator MAB satisfying MAB ≥ 0 and
TrB MAB = 1A is the Choi operator of some quantum
channel M : A → B. We use this correspondence extensively throughout the paper.
Let G be a group with unitary representations UA (g) ∈
U(HA ) on HA and VB (g) ∈ U(HB ) on HB , respectively,
where U(H) denotes the unitary group acting on the
Hilbert space H. We call a quantum channel N : A → B
covariant with respect to {(UA (g), VB (g))}g∈G , if
VB (g) N (·)VB (g)† = N (UA (g) · UA (g)† )
for all g ∈ G. We drop direct reference to the representations {(UA (g), VB (g))}g∈G whenever their choice is clear
from the context.

B.

Diamond norm

The trace norm kXk1 of an operator X ∈ B(H) is
defined as
√
kXk1 := Tr X † X.
The diamond norm kΦk of a linear map Φ : A → B is
defined as

A.

Quantum channels

A quantum channel N : A → B is a linear, completely positive, and trace-preserving map from B(HA ) to
B(HB ), where HA and HB are Hilbert spaces associated
to the quantum systems A and B. We also use the notation NA→B . We denote the identity channel on B(HA )
by idA . If a quantum channel acts on one system of a bipartite operator, we occasionally omit the identity channel; i.e., we write NA→B (ρRA ) ≡ (idR ⊗NA→B )(ρRA ).
For every quantum channel N : A → B we can choose
an auxiliary Hilbert space HE , the environment, and an
isometry V : HA → HB ⊗ HE , the Stinespring dilation,
such that N (ρA ) = TrE (V ρA V † ) [28]. The isometry V
is unique up to left multiplication by a unitary operator
acting on HE . A complementary channel Nc : A → E of
N is defined by Nc (ρA ) := TrB (V ρA V † ) and unique up
to a unitary operator acting on the output.
|A|
Let {|iiA }i=1 be a basis for HA , and define the unnormalized maximally entangled vector
|γiAA0 :=

|A|
X
i=1

|iiA ⊗ |iiA0 ,

(1)

kΦk :=

max

XA0 A ∈B(HA0 A )

k(idA0 ⊗Φ)(XA0 A )k1
,
kXA0 A k1

where A0 ∼
= A. For two quantum channels N , M : A →
B, the diamond norm 21 kN − Mk of half their difference is the solution to the following semidefinite program
(SDP) [29]:
minimize: µ
subject to: TrB ZAB ≤ µ1A
ZAB ≥ NAB − MAB
ZAB ≥ 0,

(2)

where NAB and MAB denote the Choi operators of the
quantum channels N and M, respectively.

C.

Generalized channel divergences

In the following, we use the notation D ≡ D(H) and
P ≡ P(H) for the sets of density matrices and positive semidefinite operators acting on a generic Hilbert
space H, respectively.
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Definition II.1 (Generalized divergence; [30, 31]). A
functional D : D × P → R is a generalized divergence if
it satisfies the monotonicity (data processing) inequality
D(ρkσ) ≥ D(N (ρ)kN (σ)),
where N is a quantum channel.
Particular examples of a generalized divergence are the
quantum relative entropy D(ρkσ) := Tr(ρ(log ρ − log σ))
[32] and the trace distance kρ − σk1 . It follows directly
from monotonicity that any generalized divergence is
invariant with respect to isometries, in the sense that
D(ρkσ) = D(U ρU † kU σU † ), where U is an isometry, and
that it is invariant under tensoring with another quantum state τ , namely D(ρkσ) = D(ρ ⊗ τ kσ ⊗ τ ). Note
that to establish isometric invariance from monotonicity,
we require a channel that can reverse the action of an
isometry (see, e.g., [33, Section 4.6.3] for this standard
construction).
We say that a generalized channel divergence satisfies the direct-sum property with respect to classicalquantum states if the following equality holds:
X

X
D
pX (x)|xihx|X ⊗ ρx
pX (x)|xihx|X ⊗ σ x
x
x
X
=
pX (x)D(ρx kσ x ),
x

where pX is a probability distribution, {|xi}x is an orthonormal basis, and {ρx }x and {σ x }x are sets of states.
We note that this property holds, e.g., for trace distance
and quantum relative entropy.
Definition II.2 (Generalized channel divergence).
Given quantum channels NA→B and MA→B , we define
the generalized channel divergence as
D(N kM) ≡ sup D(NA→B (ρRA )kMA→B (ρRA )),
ρRA

where the supremum is over all mixed states ρRA , and
the reference system R is allowed to be arbitrarily large.
However, as a consequence of purification, data processing, and the Schmidt decomposition, it follows that
D(N kM) = sup D(NA→B (ψRA )kMA→B (ψRA )),
ψRA

such that the supremum can be restricted to be with
respect to pure states and the reference system R is isomorphic to the channel input system A.
Particular cases of the generalized channel divergence
are the diamond norm of the difference of NA→B and
MA→B as well as the Rényi channel divergence from [34].
In the following development, the notion of joint covariance plays a central role. We say that channels
NA→B and MA→B are jointly covariant with respect to
{(UA (g), VB (g))}g∈G if each of them is covariant with
respect to {(UA (g), VB (g))}g . We also use the abbreviations
g
UA
(ρA ) = UA (g)ρA UA† (g),

g
VB
(σB ) = VB (g)σB VB† (g).

We begin with the following lemma, which will be helpful in establishing several follow-up results:
Lemma II.3. Let NA→B and MA→B be quantum channels, and let {(UA (g), VB (g))}g∈G denote unitary representations of a group G. Let ρA be a density operator,
and let φρRA be a purification of ρA . Let ρ̄A denote the
group average of ρA according to a probability distribution
pG , i.e.,
X
g
ρ̄A =
pG (g)UA
(ρA ),
g

and let φρ̄RA be a purification of ρ̄A . Moreover, for g ∈ G
g
g†
g
we use the notation NA→B
≡ VB
◦ NA→B ◦ UA
, and simg
ilarly for MA→B . Then the following inequality holds:


D NA→B φρ̄RA MA→B φρ̄RA
X
g
≥D
pG (g)|gihg|P ⊗ NA→B
(φρRA )
g

X
pG (g)|gihg|P ⊗ MgA→B (φρRA ) .
g

If the generalized divergence has the direct-sum property
with respect to classical-quantum states, then the following inequality holds:
D(NA→B (φρ̄RA )kMA→B (φρ̄RA ))
X
g
≥
pG (g)D(NA→B
(φρRA )kMgA→B (φρRA )).
g

Proof. Our proof is related to an approach from [35,
Proposition 2] as well as that given in [36]. Given the
purification φρRA , consider the following state
Xp
|ψiP RA ≡
pG (g)|giP [IR ⊗ UA (g)] |φρ iRA .
g

Observe that |ψiP RA is a purification of ρ̄A with purifying systems P and R. By the fact that all purifications
are related by an isometry, there exists an isometric channel WR→P R such that WR→P R (φρ̄RA ) = ψP RA . Then the
following chain of inequalities holds:
D(NA→B (φρ̄RA )kMA→B (φρ̄RA ))
= D(WR→P R (NA→B (φρ̄RA ))kWR→P R (MA→B (φρ̄RA )))
= D(NA→B [WR→P R (φρ̄RA )]kMA→B [WR→P R (φρ̄RA )])
= D(NA→B (ψP RA )kMA→B (ψP RA ))
X
g
≥D
pG (g)|gihg|P ⊗ (NA→B ◦ UA
) (φρRA )
g

X
g
pG (g)|gihg|P ⊗ (MA→B ◦ UA
) (φρRA )
(3)
g
X
g
=D
pG (g)|gihg|P ⊗ NA→B
(φρRA )
g

X
pG (g)|gihg|P ⊗ MgA→B (φρRA ) .
g
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The first equality follows from isometric invariance of
the channel divergence. The second equality follows
because the isometric channel WR→P R commutes with
NA→B and MA→B . The third equality follows because
WR→P R (φρ̄RA ) = ψP RA . The first inequality follows from
monotonicity of the generalized divergence D under a dephasing of the
P P register (where the dephasing operation
is given by g |gihg| · |gihg|). The last equality follows
from invariance of the generalized divergence under unitaries, with the unitary chosen to be
X
|gihg|P ⊗ VB† (g).
g

Note that one could also implement this operation as a
classically controlled LOCC operation, i.e., a von Neumann measurement {|gihg|} of the register P followed by
a rotation VB† (g) of the B register, as discussed in [35,
Proposition 2]. One can do so here because both arguments to D in (3) are classical on P .
We then have the following proposition, which allows

us to restrict the form of the input states needed to optimize the generalized channel divergence of two jointly
covariant channels:
Proposition II.4. Let NA→B and MA→B be quantum channels that are jointly covariant with respect to
{(UA (g), VB (g))}g∈G for a group G as above. Then,
D(N kM) = sup {D(NA→B (ψRA )kMA→B (ψRA ))} ,
ψRA

where the supremum
is over all pure states ψRA such that
P
g
1
ψA = |G|
U
(ψ
A ). That is, it suffices to restrict
g∈G A
the optimization to be over pure input states ψRA such
that the reduced state ψA is
with respect to the
Pinvariant
g
1
symmetrizing channel |G|
U
(·).
g A
Proof. This is an immediate consequence of Lemma II.3,
which follows from the assumption of joint covariance.
Applying it and taking pG (g) = 1/ |G|, we find that

X

1
g
|gihg|P ⊗ NA→B
(φρRA )
g∈G |G|
X
1
=D
|gihg|P ⊗ NA→B (φρRA )
g∈G |G|
= D(NA→B (φρRA )kMA→B (φρRA )) .

D(NA→B (φρ̄RA )kMA→B (φρ̄RA )) ≥ D

The first equality follows from the assumption of joint
covariance, which implies that
g
g†
g
NA→B
≡ VB
◦ NA→B ◦ UA
= NA→B ,
g†
g
MgA→B ≡ VB
◦ MA→B ◦ UA
= MA→B .

The last inequality follows because the generalized divergence D is invariant with respect to tensoring another
quantum state.
Applying Proposition II.4 to the case in which
{UA (g)}g∈G is a one-design leads to the following corollary:

D.

X
g∈G

X
g∈G


1
|gihg|P ⊗ MgA→B (φρRA )
|G|

1
ρ
|gihg|P ⊗ MA→B (φRA )
|G|

Holevo information and classical capacity of
quantum channels

We define the Holevo information χ(N ) of a quantum
channel N : A → B as
χ(N ) := max χ(N , E),
E

(4)

where
χ(N , E) := S

X


pX (x)N (ρxA )
x
X
−
pX (x)S(N (ρxA )),
x

Corollary II.5. Let NA→B and MA→B be quantum channels that are jointly covariant with respect
to {(UA (g), VB (g))}g∈G for a group G and where
{UA (g)}g∈G is a one-design. Then,
D(N kM)
= D((idR ⊗NA→B )(ΦRA )k(idR ⊗MA→B )(ΦRA )),
where |ΦiRA := |A|−1/2 |γiRA denotes the (normalized)
maximally entangled state.

and the maximum in (4) is over all quantum state ensembles E = {pX (x), ρxA }x with ρxA ∈ D(HA ). Note
that this maximum is achieved by pure-state ensembles
of cardinality at most |A|2 , i.e., ρxA = |ψ x ihψ x |A for
all x = 1, . . . , |A|2 . Defining the classical-quantum (cq)
states
X
ρXA =
pX (x)|xihx|X ⊗ ρxA ,
(5)
x

σXB = (idX ⊗N )(ρXA ),

(6)

6
the Holevo information can be expressed as
χ(N ) = max I(X; B)σ ,
ρXA

where the maximum is over all cq states ρXA of the form
in (5), the state σXB is defined as in (6), and I(A; B)θ =
S(A)θ + S(B)θ − S(AB)θ is the mutual information of a
bipartite state θAB . The classical capacity C(N ) of N is
given by the regularized Holevo information [2, 3]:
1
χ(N ⊗n ).
n→∞ n

C(N ) = lim

(7)

We say that a quantum channel N has weakly additive
Holevo information if
χ(N ⊗n ) = nχ(N )
holds for all n ∈ N. For such a channel, the limit in
the classical capacity formula (7) becomes trivial, and
the classical capacity is equal to the Holevo information,
C(N ) = χ(N ). Furthermore, we say that a quantum
channel N has strongly additive Holevo information if
χ(N ⊗ M) = χ(N ) + χ(M)
for any other channel M. It is easy to see that every
channel with strongly additive Holevo information also
has weakly additive Holevo information. Subsequently,
for channels with strongly additive Holevo information
we also have C(N ) = χ(N ). In Section III we discuss
examples of channels with weakly or strongly additive
Holevo information.
Leung and Smith [37] proved a number of continuity
results for quantum channel capacities with respect to the
diamond distance, including a continuity bound for the
classical capacity. Shirokov [27] recently refined their result on the classical capacity using techniques developed
by Winter [38], as well as giving an improved continuity bound for the Holevo information of two quantum
channels. To state Shirokov’s results, we introduce the
function g : [0, 1] → R, defined as
g(ε) := (1 + ε) log(1 + ε) − ε log ε.

(8)

We then have:
Theorem II.6 ([27]). Let N , M : A → B be quantum
channels with 12 kN − Mk ≤ ε for some ε ∈ [0, 1]. Then,
(i) |χ(N ) − χ(M)| ≤ ε log |B| + g(ε);
(ii) |C(N ) − C(M)| ≤ 2ε log |B| + g(ε),
where g(ε) is defined as in (8).
From Theorem II.6 we can easily deduce the following result, which serves as one of the main mathematical
tools in our discussion:

Corollary II.7. Let N : A → B be an arbitrary quantum
channel, and let M : A → B be a quantum channel with
weakly additive Holevo information, χ(M⊗n ) = nχ(M)
for all n ∈ N. If 21 kN − Mk ≤ ε for some ε ∈ [0, 1], the
classical capacity of N can be bounded as
C(N ) ≤ χ(M) + 2ε log |B| + g(ε)
≤ χ(N ) + 3ε log |B| + 2g(ε),
with g(ε) as defined in (8).
III.

CHANNELS WITH APPROXIMATELY
ADDITIVE HOLEVO INFORMATION
A.

Approximately covariant channels

In this subsection we define a notion of approximate
covariance of a quantum channel, and we show how the
assumptions of Corollary II.7 can be met using this concept. First, we discuss channels that are covariant with
respect to certain groups called unitary designs, and show
how the Holevo information of these channels becomes
(weakly or strongly) additive.
A group G is said to form a unitary 1-design, if there
is a unitary representation UA (g) ∈ U(HA ) of G on HA
such that
1 X
UA (g)ρA UA (g)† = πA
|G|
g∈G

1
1A denotes the comfor all ρA ∈ B(HA ), where πA = |A|
pletely mixed state on HA .
A group G is said to form a unitary 2-design, if there
is a unitary representation UA (g) ∈ U(HA ) of G on HA
such that for all quantum channels Λ : A → A,


1 X
UA (g)Λ UA (g)† · UA (g) UA (g)†
|G|
g∈G
Z

=
dµ(U ) U Λ U † · U U † ,
U (HA )

where dµ(U ) denotes the Haar measure on U(HA ).
Equivalently [39], for all ρA0 A (with A0 ∼
= A),
1 X
(UA0 (g) ⊗ UA (g))ρA0 A (UA0 (g) ⊗ UA (g))†
|G|
g∈G
Z
=
dµ(U ) (U ⊗ U )ρA0 A (U ⊗ U )† .
U (HA )

For covariant channels with a one-design as the input
space representation, the formula for the Holevo information simplifies in the following way:
Lemma III.1 ([40]). Let N : A → B be a quantum channel that is covariant with respect to {(UA (g), VB (g))}g∈G ,
where the representation UA (g) ∈ U(HA ) is a one-design.
Then,
χ(N ) = S(N (π)) − min S(N (ψ)).
ψ
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For covariant qubit-qubit channels with a one-design as
the output space representation, the Holevo information
is weakly additive:
Lemma III.2 ([5]). Let N : A → B be a qubit-qubit
channel (|A| = |B| = 2) that is covariant with respect
to {(UA (g), VB (g))}g∈G , and where VB (g) ∈ U(HB ) is a
one-design. Then the Holevo information of N is weakly
additive,
χ(N ⊗n ) = nχ(N )

for all n ∈ N.

This twirled channel NG is covariant with respect to
{(UA (g), VB (g))}g∈G by construction. Our notion of approximate covariance of a quantum channel is based on
how close the channel is in diamond norm to its twirled
channel:
Definition III.4 (Approximate covariance). We fix a
group G with unitary representations UA (g) ∈ U(HA )
on HA and VB (g) ∈ U(HB ) on HB . For a given ε ∈
[0, 1], we call a channel N ε-covariant with respect to
{(UA (g), VB (g))}g∈G , if

Consequently, C(N ) = χ(N ) for such covariant channels.
Proof. First, let A and B be arbitrary systems with
|A| = |B| (i.e., not necessarily qubits), and let N : A →
B be a channel that is covariant with respect to
{(UA (g), VB (g))}g∈G , where the representation VB (g) ∈
U(HB ) is a one-design. Then N is unital, N (1A ) = 1B :
N (1A ) = |A| N (πA )

|A| X
N UA (g)πA UA (g)†
=
|G|
g∈G

=

|A| X
VB (g)N (πA ) VB (g)†
|G|

1
kN − NG k ≤ ε.
2
We define the covariance parameter covG (N ) as the
smallest ε ≥ 0 such that N is ε-covariant with respect to
the given representations of G.
For given representations of a group G, the covariance
parameter covG (N ) can be efficiently computed using the
SDP in (2) for the diamond norm. The Choi operator
G
of the twirled channel NG can be obtained from
NAB
the Choi operator NAB via the relation
G
NAB
=

g∈G

= |A|πB
= 1B .
For qubits A and B (i.e., |A| = |B| = 2), the result now
follows from King’s result about unital qubit channels [5].
For covariant quantum channels N : A → B, where A
and B are isomorphic, d-dimensional systems, the Holevo
information is additive if the group representations are
unitary two-designs. This result is a direct consequence
of [6, 39, 41], and we give a proof in Appendix A for the
sake of completeness.
Lemma III.3. Let A and B be isomorphic ddimensional quantum systems (A ∼
= B), let G be a group,
and let N : A → B be a quantum channel that is covariant with respect to a unitary representation UA (g) ∈
U(HA ) of G on HA resp. HB that is a unitary two-design.
Then N is an |A|-dimensional depolarizing channel, and
hence its Holevo information is strongly additive,
χ(N ⊗ M) = χ(N ) + χ(M)

g∈G

By Lemma III.2, the Holevo information of qubit-qubit
channels that are covariant with respect to one-designs is
weakly additive. More generally, quantum channels acting on a d-dimensional system that are covariant with respect to a two-design have strongly additive Holevo information, since these channels are d-dimensional depolarizing channels (Lemma III.3). In view of Definition III.4,
we can therefore apply Corollary II.7 to any quantum
channel once we consider suitable groups (or rather representations thereof) and the corresponding twirled channel.
It is well known that the “projective” Pauli group 1
P = {1, X, Y, Z} forms a one-design,
1
1
(ρ + XρX + Y ρY + ZρZ) = 1
4
2
for all ρ ∈ B(C2 ), where X, Y, Z are the usual Pauli matrices. For an n-qubit system A (i.e., |A| = 2n ), the Pauli
group Pn consists of all n-fold tensor products of elements
in P, i.e., Pn := P ⊗n . The “projective” Clifford group
Cn is defined as the normalizer of Pn in U(HA ), that is,

for an arbitrary quantum channel M : A0 → B 0 . Consequently, C(N ) = χ(N ) for such covariant channels.
We now introduce a notion of approximate covariance.
For a group G with unitary representations UA (g) ∈
U(HA ) on HA and VB (g) ∈ U(HB ) on HB , respectively, and an arbitrary quantum channel N : A → B,
the twirled channel NG of N is defined as
1 X
NG :=
VB (g)† N (UA (g) · UA (g)† )VB (g).
|G|
g∈G

1 X
(ŪA (g) ⊗ VB (g))NAB (ŪA (g) ⊗ VB (g))† .
|G|

Cn = {U ∈ U(HA ) : U Pn U † = Pn }.
The Clifford group Cn forms a unitary two-design [42]
(see also [39]). More generally, the Clifford group CdHW

1

Since for example XY = iZ, one needs to add the phases ±1, ±i
to turn P into a group. However, under the action of P by
conjugation these phases drop out, and it suffices to consider
just P.
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of the Heisenberg-Weyl group acting on a d-dimensional
system is also a unitary two-design [43].
Combining the above observations with Lemma III.2,
Lemma III.3, and Corollary II.7, we obtain the following:

Definition III.6. For a given ε ∈ [0, 1], a quantum channel N : A → B is called ε-entanglement-breaking, if
min

M∈E

Corollary III.5. Let A and B be quantum systems with
|A| = |B|, and let N : A → B be an arbitrary quantum
channel.
(i) For |A| = |B| = 2, the choices G = P and ε =
covP (N ) yield
C(N ) ≤ χ(NP ) + 2ε + g(ε)
≤ χ(N ) + 3ε + 2g(ε),

We define the entanglement-breaking parameter EB(N )
to be the smallest ε ∈ [0, 1] such that N is εentanglement-breaking.
With this definition, we have the following application
of Corollary II.7:
Corollary III.7. Let N : A → B be a quantum channel,
and set ε := EB(N ). Then,

where g(ε) is defined through (8).
(ii) For |A| = |B| = 2n , the choices G = Cn and ε =
covCn (N ) yield
C(N ) ≤ χ(NCn ) + 2nε + g(ε)
≤ χ(N ) + 3nε + 2g(ε).
(iii) For |A| = |B| = d, the choices G =
covCdHW (N ) yield

CdHW

and ε =

C(N ) ≤ χ(NCdHW ) + 2ε log d + g(ε)

C(N ) ≤ χ(M) + 2ε log |B| + g(ε)
≤ χ(N ) + 3ε log |B| + 2g(ε),
where the function g(ε) is defined through (8), and
M : A → B is the entanglement-breaking channel achieving the minimum in Definition III.6.
If |A||B| ≤ 6, a state ρAB is separable if and only if it
B
has positive partial transpose (PPT) [45], i.e., ρTAB
≥ 0,
where TB denotes the transpose on the B system. Hence,
in low dimensions we can efficiently compute EB(N ):
Lemma III.8. Let N : A → B be a quantum channel.
If |A||B| ≤ 6, then the entanglement-breaking parameter
EB(N ) is the solution to the following SDP:

≤ χ(N ) + 3ε log d + 2g(ε).
Note that in all three cases of Corollary III.5, the
Holevo information χ(NG ) of the twirled channel NG for
G ∈ {P, Cn , CdHW } can be computed via Lemma III.1.

B.

minimize: µ
subject to: TrB ZAB ≤ µ1A
ZAB ≥ NAB − MAB
ZAB ≥ 0
MAB ≥ 0
TrB MAB = 1A

Approximately entanglement-breaking channels

A channel N : A → B is called entanglement-breaking
[44], if (idR ⊗N )(ρRA ) is separable for all auxiliary quantum systems R and input states ρRA . Equivalently, N
is entanglement-breaking if and only if its Choi operator NAB is separable. Entanglement-breaking channels form an important class of quantum channels with
strongly additive Holevo information [4]: If N : A → B
is entanglement-breaking, then
χ(N ⊗ M) = χ(N ) + χ(M)

1
kN − Mk ≤ ε.
2

(10)

TB
≥ 0.
MAB
TB
Proof. The constraint MAB
≥ 0 forces the operator MAB
to be PPT, which by the assumption |A||B| ≤ 6 is
equivalent to MAB being separable. Hence, MAB corresponds to the Choi operator of an entanglement-breaking
channel M : A → B, and the SDP in (10) computes
EB(N ).

(9)

for any arbitrary quantum channel M : A0 → B 0 . In
particular, we have χ(N ⊗n ) = nχ(N ) for entanglementbreaking channels, and thus C(N ) = χ(N ) by (7).
Hence, an appropriate notion of an approximately
entanglement-breaking channel, together with (9), provides another way of bounding the classical capacity of
an arbitrary quantum channel via Corollary II.7.
Fix quantum systems A and B, and let E ≡ E(A →
B) = {N : A → B | NAB is separable} denote the set of
all entanglement-breaking channels.

C.

Approximately Hadamard channels

A quantum channel N : A → B is called Hadamard if
its complementary channel Nc : A → E is entanglementbreaking. Since a channel is entanglement-breaking if
and only if its Kraus operators are rank-one operators
[44], we can parametrize a Hadamard channel as follows (cf. [33]): Let K be the Kraus rank of N , i.e., the
minimal number of Kraus operators, which is equal to
the smallest dimension of the environment |E| [46]. Let
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{|ϕk iE }K
k=1 be a collection of normalized vectors on HE ,
hϕk |ϕk i = 1 for all k = 1, . . . , K, let S = {|ψk iA }K
k=1
be an overcomplete set of vectors on HA (such that
PK
|B|
k=1 |ψk ihψk |A = 1A ), and let {|iiB }i=1 be an orthonor2
mal basis for HB . These sets of vectors give rise to a
Hadamard channel N : A → B, whose action on an input
state ρA is given by
X
N (ρA ) =
hψk |ρA |ψl ihϕl |ϕk iE |kihl|B .
(11)
k, l

Define [ρA ]S as the matrix representation of ρA with respect to S = {|ψk iA }K
k=1 , i.e., ([ρA ]ψ )ij = hψi |ρA |ψj i.
Furthermore, define the matrix (Γ)ij = hϕi |ϕj iE . Then
(11) can be rewritten as
N (ρA ) = Γ† ∗ [ρA ]S ,

(13)

Hence, an appropriate notion of approximately
Hadamard channels leads to another application of
Corollary II.7 for bounding the classical capacity of
arbitrary quantum channels.
In what follows, we define two notions of approximately
Hadamard channels, one called ε-close Hadamard channels and the other called ε-Hadamard channels. To define
ε-close Hadamard channels, fix quantum systems A and
B and let H be the set of Hadamard channels from A
to B.
Definition III.9. For a given ε ∈ [0, 1], a quantum channel N : A → B is called ε-close-Hadamard, if
min

M∈H

HadS (N ) := min

M∈HS

1
kN − Mk ≤ ε.
2

We define the Hadamard parameter Had(N ) to be the
smallest ε ∈ [0, 1] such that N is ε-close-Hadamard.
For reasons that will become clear shortly, it is useful
to define the following upper bound on Had(N ). Let
S =P
{|ψk iA }i be an overcomplete set of vectors on HA ,
i.e., i |ψi ihψi |A = 1A , and define the set
†

HS := {N ∈ H : N (ρA ) = Γ ∗ [ρA ]S } ⊆ H,

1
kN − Mk ,
2

(14)

which clearly satisfies Had(N ) ≤ HadS (N ). In addition,
HadS (N ) is the solution to an SDP and thus efficiently
computable:
Lemma III.10. For fixed S, the parameter HadS (N ) is
the solution to the following SDP:
minimize: µ
subject to: TrB ZAB ≤ µ1A
Γ
ZAB ≥ NAB − OAB
ZAB ≥ 0
Γ≥0
hk|Γ|ki = 1 for all k,

(12)

where ∗ denotes the Hadamard product (viz. elementwise product) of matrices: (A∗B)ij := (A)ij (B)ij . Equation (12) is the reason such channels are called Hadamard
channels.
Hadamard channels are another class of quantum channels with strongly additive Holevo information [7, 8]: If
N is a Hadamard channel, then for any other channel M
we have
χ(N ⊗ M) = χ(N ) + χ(M).

where Γ ≥ 0 satisfies Γkk = 1 for all k. We then consider
the parameter

Γ :=
where OAB

P

i, j, k, l (Γ

(15)

∗ [|iihj|]S )kl |iihj|A ⊗ |kihl|B .

Proof. A matrix Γ is positive semidefinite if and only
if it is the Gram matrix of a collection of vectors, i.e.,
(Γ)ij = hϕi |ϕj i for some set of vectors {|ϕi i}i . Hence,
we can optimize over positive semidefinite Γ, and the constraints hk|Γ|ki = 1 for all k enforce that hϕk |ϕk i = 1.
Moreover, since the Hadamard product ∗ is distributive
overP
addition, (A+B)∗C = A∗C +B ∗C, the Choi operator i, j, k, l (Γ∗[|iihj|]S )kl |iihj|A ⊗|kihl|B of a Hadamard
channel M is linear in Γ for a fixed overcomplete set of
vectors S = {|ψk iA }i . Thus, the SDP in (15) optimizes
the diamond distance 21 kN − Mk over all M ∈ HS .
We can combine Definition III.9, Corollary II.7, and
(13) to obtain an upper bound on C(N ) similar to Corollary III.5. Since the function 2ε log |B|+g(ε) is monotonically increasing for ε ∈ [0, 1], we can use the parameter
HadS (N ) for a fixed S instead of Had(N ). The former
has the advantage of being efficiently computable via its
SDP representation given in Lemma III.10. In summary,
we have the following:
Corollary III.11. Let N : A → B be a quantum channel, and set ε = Had(N ) and εS := HadS (N ) for a fixed
collection S = {|ψk iA }k of vectors. Then,
C(N ) ≤ χ(M) + 2ε log |B| + g(ε)
≤ χ(N ) + 3ε log |B| + 2g(ε)
≤ χ(N ) + 3εS log |B| + 2g(εS ),
where the function g(ε) is defined through (8), and
M : A → B is the Hadamard channel achieving the minimum in Definition III.9. Note that we also have
C(N ) ≤ χ(MS ) + 2εS log |B| + g(εS ),

2

For simplicity, we assume |B| = K = |E| here, though this is not
necessary.

where MS : A → B is the Hadamard channel defined in
terms of S achieving the minimum in (14).
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We now define ε-Hadamard channels, an alternative
way of defining a Hadamard parameter of an arbitrary
quantum channel. To this end, we recall that Hadamard
channels N : A → B belong to the class of degradable
channels mentioned in Section I: For every Hadamard
channel N : A → B with environment E there exists a
quantum channel D : B → E, called the degrading channel, such that Nc = D ◦ N . In other words, there exists
a quantum channel that Bob can apply locally to simulate the leakage of N to the environment, modeled by
the complementary channel N . Moreover, the degrading
channel of Hadamard channels is entanglement-breaking;
that is, the Choi operator DBE of D is separable [47].
This observation gives rise to the following definition:
Definition III.12. For a given ε ∈ [0, 1], a quantum
channel N : A → B is called ε-Hadamard, if

Theorem III.14. For a channel N : A → B, set ε =
Haddeg (N ), and let D : B → E be the entanglementbreaking channel achieving the minimum in Definition III.12. Then
C(N ) ≤

1
kN c − D ◦ N k ≤ ε,
D∈E(B→E) 2
where E(B → E) denotes the set of all entanglementbreaking channels from B to E. The Hadamard parameter Haddeg (N ) is defined to be the smallest ε ∈ [0, 1]
such that N is ε-Hadamard.
If |B||E| ≤ 6, the parameter Haddeg (N ) of a quantum
channel N : A → B with environment E can be expressed
as the solution to an SDP. This SDP is obtained from
the SDP that computes the approximate degradability
parameter defined in [25] by adding a constraint enforcing
the ‘approximate degrading’ map D to be entanglementbreaking. In summary, we have:
Lemma III.13. Let N : A → B be a quantum channel
with environment E. If |B||E| ≤ 6, then the Hadamard
parameter Haddeg (N ) is the solution to the following
SDP:

(16)

TE
DBE
≥ 0,

max

{pX (x),ψ x }

[H(F E)ξ − H(E|X)ξ ]
+ (2ε log |E| + g(ε)) ,

where the cq state ξXF E is defined as
X
D
x
ξXF E :=
pX (x)|xihx|X ⊗ (UB→F
E ◦ NA→B )(ψA ),
x

D
UB→F
E is
x
{ψA
}x is a

min

minimize: µ
subject to: TrE ZAE ≤ µ1A
ZAE ≥ NAE − J (D ◦ N )
ZAE ≥ 0
DBE ≥ 0
TrE DBE = 1B

classical capacity of a quantum channel by adapting the
arguments in the proof of Corollary II.7. In particular,
we have the following theorem, whose proof we give in
Appendix B.

D.

a Stinespring dilation of D : B → E, and
set of pure states.

Bounds on triple trade-off capacities for ε-close
Hadamard channels

In addition to the various single-resource capacities
that we have discussed so far, one can also consider the
ability of a quantum channel to generate or consume multiple resources [23, 47–52]. One of the most general such
tasks is the triple trade-off problem [50, 51]: What is the
net rate at which classical bits, quantum bits, and entangled bits can be consumed, in addition to many independent uses of a quantum channel, in order to generate
the same resources? Let C denote the rate of classical
communication, Q the rate of quantum communication,
and E the rate of entanglement generation (if the rate is
negative, it means that the resource is being consumed).
The set of all achievable rates in this setting is called
the “dynamic capacity region.” This question has been
addressed in [50–52] (see also [33]), via the following dynamic quantum capacity theorem:
Theorem III.15 ([50, 52]). The quantum dynamic capacity region CCQE (N ) of a quantum channel N is given
by the following expression:
CCQE (N ) =

∞
[
1 (1)
C
(N ⊗k ),
k CQE

(17)

k=1

where J (·) denotes the Choi-Jamiolkowski isomorphism
that maps a channel to its Choi operator.
Note that in (16) the operator DBE corresponds to
the Choi operator of D : B → E, and the constraint
TE
DBE
≥ 0 enforces DBE to be PPT, which for |B||E| ≤ 6
is equivalent to D being entanglement-breaking. The
map S 7→ J (S ◦ T ) is linear in S for a fixed channel
T [25], and hence, the corresponding constraint in (16)
is indeed semidefinite.
Using the Hadamard parameter Haddeg (·) from Definition III.12, we can again deduce an upper bound on the

where the overbar indicates the closure of a set. The
(1)
region CCQE (N ) is equal to the closure of the union of
(1)

the state-dependent regions CCQE (N , σ):
(1)

CCQE (N ) :=

[

(1)

CCQE (N , σ).

σ
(1)

The state-dependent region CCQE (N , σ) is the set of all
rates C, Q, and E, such that
C + 2Q ≤ I(AX; B)σ ,
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Q + E ≤ I(AiBX)σ ,
C + Q + E ≤ I(X; B)σ + I(AiBX)σ ,
where the coherent information I(F iG)ω of a bipartite
state ωF G is defined as I(F iG)ω := H(G)ω − H(F G)ω .
The above entropic quantities are with respect to a
classical–quantum state σXAB , where

Proof. To prove this result, we consider an approach related to that for a statement given in [27], recalled here
as Theorem II.6. It is convenient to distinguish between
the output system B of the channel N and the output
system B̃ of M, where B̃ ∼
= B. For n ∈ N, let
X
ρXAA0n =
pX (x)|xihx|X ⊗ φxAA0n
x

σXAB :=

X

pX (x)|xihx|X ⊗

NA0 →B (φxAA0 ),

x

and the states φxAA0 are pure, with system A isomorphic
to system A0 . It is implicit that one should consider
states on A0k instead of A0 when taking the regularization in (17).
If the channel N is a Hadamard channel, then the regularization is not needed and the dynamic capacity region
(1)
is equal to CCQE (N ) [47, 52]. Thus, we are motivated to
consider the notion of approximate Hadamard channels
in this context, leading to Theorem III.14 below. Note
that Gao et al. [53] derived an outer bound on the dynamic capacity region of a special class of channels using
operator space methods.
Theorem III.16. Let N be an ε-close-Hadamard channel; i.e., there exists a Hadamard channel M such that

be an arbitrary cq state, where each φxAA0n is a pure state.
By assumption, we have that
1
kNA0 →B − MA0 →B̃ k ≤ ε,
2

(20)

and so by the continuity of Stinespring’s representation
theorem [54], it follows that there exist isometric channels
N
M
UA
0 →BE and UA0 →BE extending NA0 →B and MA0 →B̃ ,
respectively, such that the corresponding complementary
channels Nc and Mc satisfy
√
1
kNc − Mc k ≤ 2ε.
2

(21)

We thus define the following cq states for 1 ≤ t ≤ n − 1:

 N
⊗n 
0
σXAB
idXA ⊗ UA
(ρXAA0n ),
n E n :=
0 →BE
t
:=
σXA
B̃≤t Ẽ≤t B>t E>t

 M
⊗t  N
⊗(n−t) 
idXA ⊗ UA0 →B̃ Ẽ
⊗ UA0 →BE
(ρXAA0n ),

1
kN − Mk ≤ ε.
2
Then the dynamic capacity region CCQE (N ) is contained
(1)
(1)
in the region CCQE (M, ε), where CCQE (M, ε) is equal to


 M
⊗n 
n
:= idXA ⊗ UA
σXA
(ρXAA0n ),
0 →B̃ Ẽ
B̃ n Ẽ n

(1)

the union of the state-dependent regions CCQE (M, τ, ε):
(1)
CCQE (M, ε)

:=

[

(1)
CCQE (M, τ, ε).

τ
(1)

The state-dependent region CCQE (M, τ, ε) is the set of all
rates C, Q, and E, such that
C + 2Q ≤ I(AX; B)τ + f1 (ε),
Q + E ≤ I(AiBX)τ + f2 (ε),
C + Q + E ≤ I(X; B)τ + I(AiBX)σ + f2 (ε),
where

where we use the shorthand Q≤i ≡ Q1 Q2 . . . Qi for 1 ≤
i and quantum systems Q1 , . . . , Qi , and use analogous
definitions for Q<i , Q≥i , and Q>i .
For a Hadamard channel M and for all integers n > 1,
i
for 1 ≤ i ≤ n, each having
there exist states ωA
i Xi B̃i Ẽi
the form
X
xi
i
M
:=
ωA
pXi (xi )|xi ihxi |Xi ⊗ UA
0 →B̃ Ẽ (φA A0 ),
i
i Xi B̃i Ẽi
i i

(18)
√
f2 (ε) := 2ε log |B| + g(ε) + 2 2ε log |E| + g( 2ε), (19)
√

and g(ε) is defined in (8). The above entropic quantities
are with respect to a classical–quantum state τXAB , where

i

such that the following entropy inequalities hold [33, 52]
I(AX; B̃ n )σn ≤

f1 (ε) := 2ε log |B| + g(ε),

i

xi

H(B̃ n |X)σn ≤
H(B̃ n )σn ≤

n
X
i=1
n
X
i=1
n
X

I(Ai Xi ; B̃i )ωi = nI(ÃX̃; B̃|Z)ω ,
H(B̃i |Xi )ωi = nH(B̃|X̃Z)ω ,
H(B̃i )σn = nH(B̃|Z)ω ,

i=1

τXAB :=

X

pX (x)|xihx|X ⊗ MA0 →B (φxAA0 ),

x

n

−H(Ẽ |X)

σn

≤−

n
X

H(Ẽi |Xi )ωi = −nH(Ẽ|X̃Z)ω ,

i=1

and the states φxAA0 are pure.

(22)
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where the state ωZ ÃX̃ B̃ Ẽ is defined as
n

ωZ ÃX̃ B̃ Ẽ

:=

1X
i
|iihi|Z ⊗ ωA
,
i Xi B̃i Ẽi
n i=1

and the registers Ã and X̃ are taken to be large enough
to contain the contents of the largest Ai and Xi , respectively.
Applying (20) and (21), we find that
1 t−1
t
kσ
− σXA
k ≤ ε,
B̃≤t B>t 1
2 XAB̃≤t−1 B>t−1
√
1 t−1
t
k ≤ 2ε,
− σXA
kσ
Ẽ≤t E>t 1
2 XAẼ≤t−1 E>t−1

(23)
(24)

for 1 ≤ t ≤ n by the definition of the diamond
t−1
t
norm. Moreover, σXA
and σXA
have
B̃ B
B̃
B
≤t−1

≤t

>t−1

>t

the same marginals on the systems XAB̃<t B>t , and
t−1
t
σXA
and σXA
have the same marginals
Ẽ E
Ẽ
E
≤t−1

≤t

>t−1

>t

on the systems XAẼ<t E>t . Hence, using the continuity
bound from [27, Corollary 1] we obtain
I(AX; Bt |B̃<t B>t )σt−1 − I(AX; B̃t |B̃<t B>t )σt
≤ f1 (ε)

(25)

for 1 ≤ t ≤ n, where B̃<1 and B>n represent empty
systems, respectively, and where f1 (ε) is defined in (18).
We also get that

where (26) follows from writing out the telescope sum
and observing that all terms except the first and last one
cancel out. Step (27) uses (25) in each term of the sum.
The next inequality and the equality after that follow by
invoking (22). The final inequality is a consequence of
the chain rule and non-negativity of mutual information.
For the second bound involving the coherent information term I(AiB n X)σ0 , consider that
I(AiB n X)σ0 = H(B n |X)σ0 − H(E n |X)σ0 .
We handle each term separately. First, by reasoning similar to that in the proof of [25, Theorem 3.4], consider
that
H(B n |X)σ0
= H(B̃ n |X)σn + H(B n |X)σ0 − H(B̃ n |X)σn
= H(B̃ n |X)σn
n h
i
X
H(Bt |B̃<t B>t X)σt−1 − H(B̃t |B̃<t B>t X)σt
+
t=1

≤ H(B̃ n |X)σn + n (2ε log |B| + g(ε))
n
X
≤
H(B̃|Xi )ωi + n (2ε log |B| + g(ε))
i=1

= nH(B̃|X̃Z)ω + n (2ε log |B| + g(ε)) .
By similar reasoning, we find that
− H(E n |X)σ0 ≤ −nH(Ẽ|X̃Z)ω
 √
√ 
+ n 2 2ε log |E| + g( 2ε) .

H(Bt |B̃<t B>t X)σt−1 − H(B̃t |B̃<t B>t X)σt
≤ 2ε log |B| + g(ε),

Thus, we conclude that
H(Et |Ẽ<t E>t X)σt−1 − H(Ẽt |Ẽ<t E>t X)σt
√
√
≤ 2 2ε log |E| + g( 2ε),
by applying (23), (24), and [38, Lemma 2]. We can now
bound I(AX; B n )σ0 from above as follows:
I(AX; B n )σ0
n

n

where f2 (ε) is defined in (19). For the final term
I(X; B n )σ0 + I(AiB n X)σ0 , consider that
I(X; B n )σ0 + I(AiB n X)σ0 = H(B n )σ0 − H(E n |X)σ0 .
Since we already have a bound for −H(E n |X)σ0 , we just
need to bound H(B n )σ0 . By applying similar reasoning
as above, we find that

n

= I(AX; B̃ )σn + I(AX; B )σ0 − I(AX; B̃ )σn
"
n
X
n
I(AX; Bt |B̃<t B>t )σt−1
= I(AX; B̃ )σn +
t=1

#
− I(AX; B̃t |B̃<t B>t )σt

1
I(AiB n X)σ0 ≤ H(B̃|X̃Z)ω − H(Ẽ|X̃Z)ω + f2 (ε),
n

(26)

H(B n )σ0 ≤ H(B̃ n )σn + n (2ε log |B| + g(ε))
n
X
≤
H(B̃i )σn + n (2ε log |B| + g(ε))
i=1

n

≤ I(AX; B̃ )σn + nf1 (ε)
n
X
≤
I(Ai Xi ; B̃)ωi + nf1 (ε)
i=1

= nI(ÃX̃; B̃|Z)ω + nf1 (ε)
≤ nI(ÃX̃Z; B̃)ω + nf1 (ε).

(27)

= nH(B̃|Z)ω + n (2ε log |B| + g(ε)) .
Combining with the above, we then get that
1
[H(B n )σ0 − H(E n |X)σ0 ]
n
≤ H(B̃|Z)ω − H(Ẽ|X̃Z)ω + f2 (ε).

13
Considering that
H(B̃|Z)ω − H(Ẽ|X̃Z)ω = I(X̃; B̃|Z)ω + I(AiB X̃Z)ω
≤ I(X̃Z; B̃)ω + I(AiB X̃Z)ω
completes the proof.
We end this section by mentioning that this kind of
approach could be applied in the context of Hadamard
broadcast channels, which constitute the main class of
quantum broadcast channels for which we have singleletter capacity regions [55, 56].

IV.

APPLICATION TO PARTICULAR QUBIT
CHANNELS

The MATLAB code used to obtain the numerical results of this section is available in the ancillary files section on the arXiv page of this paper. The code makes
heavy use of the quantinf package [57], as well as the
YALMIP package to solve SDPs [58].

A.

On the amplitude damping channel

The amplitude damping channel Ap is defined for p ∈
[0, 1] as
Ap (ρ) = K1 ρK1† + K2 ρK2† ,

(28)

where
p
K1 = |0ih0| + 1 − p|1ih1|
√
K2 = p|0ih1|.
An exact expression for the Holevo information of the
amplitude damping channel was derived by Giovannetti
and Fazio [10]. They showed that χ(Ap ) is equal to
(
!)
p
1 + 1 − 4p(1 − p)q 2
max h((1 − p)q) − h
,
2
q∈[0,1]
where h(x) := −x log x − (1 − x) log(1 − x) denotes the
binary entropy. However, its classical capacity C(Ap )
is yet to be determined, which remains a major open
problem in quantum information theory.
For low values of p, the amplitude damping channel
belongs to the class of so-called low-noise channels [59].
This is the content of Proposition IV.1 below, whose
proof we defer to Appendix C.
Proposition IV.1. For p ∈ [0, 1], we have
kid −Ap k = 2p.
We have A0 = id, the identity channel, which is trivially covariant under the full unitary group, and furthermore Hadamard, since the complementary channel of

the identity channel is completely depolarizing and hence
entanglement-breaking. It is also easy to see that A1 is
entanglement-breaking. Therefore, one might expect to
get useful upper bounds on the classical capacity of Ap
using notions of approximate covariance or Hadamardness for p & 0, or approximate entanglement-breaking
for p . 1.
The results of [59] can be applied to show that a
(super)linear behavior in the underlying noise parameter of an approximation parameter leads to a useless
bound on the classical capacity, as the appearing error
term involves the function ε log ε, which has infinite slope
at ε = 0 if ε = O(p). Unfortunately, all parameters
that we introduced in Section III have such behavior in
the amplitude damping parameter p: the covariance parameter covP (Ap ), the entanglement-breaking parameter
EB(Ap ), and the Hadamard parameters Had(Ap ) and
Haddeg (Ap ). First, the developments in Section II C lead
to the following analytical formula for covP (Ap ), which
we prove in Appendix C:
Proposition IV.2. The covariance parameter covP (Ap )
of an amplitude damping channel Ap with damping parameter p ∈ [0, 1] with respect to the Pauli group P is
given by
covP (Ap ) =

p
.
2

(29)

We can also derive an analytical lower bound on the
entanglement-breaking parameter EB(Ap ), showing that
the latter has at least linear behavior in p. The proof of
the following result is again deferred to Appendix C:
Proposition IV.3. The entanglement-breaking parameter EB(Ap ) of an amplitude damping channel Ap with
damping parameter p ∈ [0, 1] satisfies
√
(1 − p)(2 1 − p − p)
1−p
EB(Ap ) ≥
≥
.
4(1 − p) − p2
2
Moreover, as shown in Figure 1, numerics demonstrate
that both Hadamard parameters HadS (Ap ) (with S =
{|0i, |1i}) and Haddeg (Ap ) are at least linear in p.
Recently, Wang et al. [11] derived the following strong
converse upper bound on the classical capacity of a quantum channel N : A → B:
C(N ) ≤ Cβ (N ) := log β(N ),

(30)

where the quantity β(N ) is the solution to the following
SDP, with NAB denoting the Choi operator of N :
minimize: Tr(SB )
TB
≤ RAB
subject to: − RAB ≤ NAB

− 1A ⊗ SB ≤

TB
RAB

(31)

≤ 1A ⊗ SB .

The quantity Cβ (N ) is a strong converse bound in the
sense that for any sequence of classical codes with rate
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FIG. 1. Plot of the Hadamard parameters of the amplitude
damping channel Ap . The Hadamard parameter HadS (Ap )
with S = {|0i, |1i}, as given in (14), is plotted in blue/dashed,
and the Hadamard parameter Haddeg (Ap ), as given in Definition III.12, is plotted in red/dash-dotted.

above the classical capacity C(N ), the success probability of that code sequence converges to 0 exponentially
fast.
For the amplitude damping channel Ap , the quantity Cβ (Ap ) constitutes the best known upper bound on
C(Ap ) for p ∈ [0, 1/2] [11], and it can be expressed in a
closed form, as
Cβ (Ap ) = log(1 +

0.1

0.2

0.3

0.4

0.5

p

p

p

1 − p).

We plot this bound in Figure 2, together with the Holevo
information χ(Ap ), which is a lower bound on the classical capacity C(Ap ). Evidently, Cβ (Ap ) is not tangent to
the Holevo information χ(Ap ). This indicates that a suitable notion of approximate additivity of the Holevo information of Ap would necessarily improve upon Cβ (Ap ) for
low values of p due to continuity. Here, suitable means
that the resulting upper bound is tangent to χ(Ap ). However, our arguments made above, together with the results from [59], show that the approximation parameters
defined in the present paper are not suitable in this sense.
It therefore remains an interesting open question to find
suitable approximation parameters for Ap with the correct sublinear behavior in the damping parameter p.
As mentioned above, the quantity Cβ (N ) provides a
good bound on the classical capacity C(N ) of a quantum
channel, as exhibited with the example of the amplitude
damping channel. Moreover, it can be easily computed
for any channel N via its SDP representation given in
(31). For these reasons, we use Cβ (N ) as a benchmark for
upper bounds on the classical capacity of certain examples of channels in the following sections. These bounds
are obtained from Corollaries III.5, III.7, and III.11, respectively.

FIG. 2. Lower and upper bound on the classical capacity
C(Ap ) of the amplitude damping channel Ap defined in (28).
The Holevo information χ(Ap ), a lower bound on C(Ap ), is
plotted in black/dashed, and the strong converse
√ upper bound
Cβ (Ap ), defined in (30) and equal to log(1 + 1 − p), is plotted in blue/solid.

B.

Convex mixture of amplitude damping and
depolarizing noise

We first consider a channel that is a convex mixture of
an amplitude damping channel and a depolarizing channel. More precisely, for p ∈ [0, 1] we define the channel
Np := pAp + (1 − p)Dp ,

(32)

where the amplitude damping channel Ap is defined in
(28), and Dp denotes the qubit depolarizing channel
p
Dp (ρ) = (1 − p)ρ + (XρX + Y ρY + ZρZ).
3
The depolarizing channel Dp is covariant under the full
unitary group for all p, and hence also covariant with
respect to the Pauli group P. We therefore expect the
channel Np to be almost covariant with respect to the
Pauli group for small values of p, so that Corollary III.5
applies. Indeed, we have the following immediate consequence of Proposition IV.2:
Corollary IV.4. The covariance parameter of the channel Np defined in (32) with respect to the Pauli group P
is given by
covP (Np ) =

p2
.
2

The resulting upper bound on C(Np ) obtained via
Corollary III.5(i) is plotted in Figure 3 together with
the Holevo information χ(Np ), and the strong converse
upper bound Cβ (Np ) defined in (30). Numerical investigations (that were verified using the results from
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FIG. 3. Upper and lower bounds on the classical capacity C(Np ) of the channel Np defined in (32). The Holevo information
χ(Np ), a lower bound on C(Np ), is plotted in black/dashed, the upper bound χ(Np )+2εp +g(εp ) on C(Np ) from Corollary III.5(i)
with the covariance parameter εp := covP (Np ) = 12 p2 is plotted in blue/solid, and the strong converse upper bound Cβ (Np )
defined in (30) is plotted in red/dash-dotted.

[60]) showed that χ(Np ) is equal to the Holevo information χ(Np, P ) of the twirled channel Np, P computed via
Lemma III.1, which enables us to use the stronger upper
bound χ(Np ) + 2εp + g(εp ) in Figure 3.

C.

Composition of amplitude damping and
dephasing noise

We now consider the channel
Mp := Ap ◦ Zp ,

(33)

where Zp denotes the Z-dephasing channel
Zp (ρ) = (1 − p)ρ + pZρZ.
This channel was, e.g., considered by Aliferis et al. [61]
in the context of fault-tolerant quantum computation.
Let us explicitly calculate the Choi operator M1/2 of
M1/2 . It is easy to see that (idA ⊗Z1/2 )(γ) = |00ih00| +
|11ih11|, where |00i ≡ |0i ⊗ |0i and |11i ≡ |1i ⊗ |1i. The
action of the Kraus operators {K1 , K2 } of A1/2 (given in
(28)) on the computational basis is
K1 |0i = |0i
1
K1 |1i = √ |1i
2

K2 |0i = 0
1
K2 |1i = √ |0i,
2

from which we obtain M1/2 = |00ih00|+|1ih1|⊗π2 . Since
M1/2 is manifestly separable, M1/2 is entanglementbreaking, and in a neighborhood of p = 21 we expect
Mp to be approximately entanglement-breaking according to Definition III.6. In Figure 4, the entanglementbreaking parameter EB(Mp ) is plotted as a function of
p for the whole interval p ∈ [0, 1] and zoomed in on
the interval p ∈ [0.35, 0.75]. Evidently, the numerics
suggest a quadratic dependence of EB(Mp ) on p, i.e.,
EB(Mp ) = O(p2 ). The resulting upper bound from
Corollary III.7 on the classical capacity C(Mp ) is plotted in Figure 5, both in terms of the original channel
Mp and the entanglement-breaking channel MEB
p found
by the SDP in (10) that is closest to Mp in diamond
distance. The plot also includes the Holevo information
χ(Mp ) and the strong converse upper bound Cβ (Mp ).
The computation of χ(Mp ) and χ(MEB
p ) was verified
using the methods from [60].

V.

CONCLUDING REMARKS AND OPEN
PROBLEMS

A quantum channel can be used in different contexts,
and depending on the information-processing task, there
are different capacities characterizing the channel. Most
of these capacities — including the classical, quantum,
and private capacity — are given in terms of regularized
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FIG. 4. Plot of the entanglement-breaking parameter EB(Mp ) of the channel Mp defined in (33) for the interval p ∈ [0, 1]
(left) and zoomed in on the interval p ∈ [0.35, 0.75] (right).
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FIG. 5. Upper and lower bounds on the classical capacity C(Mp ) of the channel Mp defined in (33). The Holevo information
χ(Mp ) is plotted in black/dashed, the upper bound χ(Mp )+3εp +2g(εp ) on C(Mp ) from Corollary III.7 with the entanglementbreaking parameter εp := EB(Mp ) is plotted in green/dotted, the upper bound χ(MEB
p ) + 2εp + g(εp ) from Corollary III.7 is
plotted in blue/solid, and the strong converse upper bound Cβ (Mp ) defined in (30) is plotted in red/dash-dotted. The channel
MEB
is the entanglement-breaking channel closest in diamond distance to Mp found by the SDP in (10).
p

formulas that are intractable to evaluate for most channels.3 This is both good and bad news: Good, because

3

A notable exception is the entanglement-assisted classical capacity of a quantum channel, for which a single-letter formula was
derived by Bennett et al. [62].

entanglement between different uses of a quantum channel clearly enhances some its communication capabilities,
giving rise to interesting effects such as superadditivity
of coherent [19] and private information [22], and superactivation of quantum capacity [63]; bad, because the
regularization severely limits our understanding of these
capacities. Hence, we need to resort to deriving useful
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lower and upper bounds on these capacities, as well as
single out classes of channels for which the respective
capacity formulas reduce to single-letter ones due to additivity of the underlying quantities (Holevo, coherent,
and private information).
In the case of the quantum capacity, the largest class of
channels with additive coherent information is the class of
so-called informationally degradable channels [64], which
include degradable and conjugate degradable channels.4
To obtain upper bounds on the quantum capacity, Sutter
et al. [25] defined an approximate version of degradability, and showed that the desirable additivity properties of
exactly degradable quantum channels are approximately
preserved. Their approach yields efficiently computable
upper bounds on the quantum capacity, and works particularly well for so-called low-noise channels [59], which
are close in diamond norm to the ideal channel, and hence
are ‘almost’ degradable.
In this paper, one of our contributions was to apply the
approach of [25] to the classical capacity. In contrast to
the quantum capacity, there are various distinct classes of
channels with (weakly or strongly) additive Holevo information, including entanglement-breaking channels, unital qubit channels, depolarizing channels, and Hadamard
channels. This presented us with the option of defining multiple ‘approximation parameters’: a covariance
parameter (Definition III.4), an entanglement-breaking
parameter (Definition III.6), and two Hadamard parameters (Definition III.9 and Definition III.12). For the first
two parameters, we found interesting examples of channels (the channels Np and Mp defined in (32) and (33) of
Section IV, respectively) that exhibited the usefulness of
our approach. More generally, we note here that one can
obtain single-letter upper bounds on the triple trade-off
capacities [33, 50–52] of approximately Hadamard channels, given that Hadamard channels are quite special,
as their triple-trade-off capacity regions are single-letter
[33, 47, 52] in addition to their classical capacities.
We were not able to find an interesting channel for
which the notion of approximate Hadamard-ness leads
to good upper bounds on its classical capacity. More
precisely, we were looking for a channel Lp defined in
terms of a noise parameter p ∈ [0, 1], satisfying
Had(Lp ) = O(pa )

or

Haddeg (Lp ) = O(pa ) (34)

for some a > 1, where Had(·) and Haddeg (·) are the
Hadamard parameters defined in Definition III.9 and
Definition III.12, respectively. The results of [59] show
that a > 1 is necessary for the upper bound on C(Lp )
from Corollary II.7 to be non-trivial. It remains an interesting open problem to find a channel satisfying (34).

4

It is worthwhile to point out that there is no known example of an
informationally degradable channel that is not also (conjugate)
degradable. It remains an interesting open problem to determine
whether the two sets are identical or not.

On a more general note, we once again mention that
our approach was not helpful for gaining a better understanding of the classical capacity of the amplitude damping channel Ap . This is because for this channel all four
approximation parameters introduced in this paper have
at least linear behavior in the amplitude damping parameter p (cf. Section IV), rendering the resulting upper
bounds on C(Ap ) trivial. We are curious as to whether
a variation of the approximation methods of [25] and the
present paper might yield new insights in this matter, or
whether a different approach, e.g., in the spirit of [65, 66],
is needed.
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Appendix A: Proof of Lemma III.3

Before proving Lemma III.3, we need the following result, whose proof we give for the sake of completeness:
Lemma A.1 ([67]). Let H and H0 be isomorphic Hilbert
spaces with d = dim H = dim H0 , and let T ∈ B(H0 ⊗ H)
be a Hermitian operator. Then,
Z
(U ⊗ Ū )T (U ⊗ Ū )† dµ(U )
U

=

t−f
d2 f − t
1H0 ⊗H + 2
Φ,
2
d −1
d −1

where t := Tr T , Φ is a (normalized) maximally entangled
state on H0 ⊗ H, and f := hΦ|T |Φi.
Proof. We first consider an arbitrary Hermitian operator
S and its twirling by the product unitary U ⊗ U (instead
of U ⊗ Ū ). A standard argument using invariance of the
Haar measure and Schur-Weyl duality shows that
Z
(U ⊗ U )S(U ⊗ U )† dµ(U )
U

=

ds − f 0
df 0 − s
0 ⊗H +
1
F, (A1)
H
d3 − d
d3 − d

where s = Tr S and f 0 = Tr(SF), and the flip operator F
is defined as the linear extension of its action on product
vectors, F(|φi⊗|ψi) := |ψi⊗|φi. Let us denote the partial
transpose of an operator X ∈ B(H0 ⊗ H) with respect to
the second tensor factor by X T2 . The following identities
can easily be verified by inspection:
FT2 = dΦ
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y
γAB
|A|
= (idA ⊗Dq )(γAA0 ),

Tr S = Tr S T2

= |A|x1A ⊗ πB +

Tr(SF) = d Tr S T2 Φ
T2
(U ⊗ U )S(U ⊗ U )†
= (U ⊗ Ū )S T2 (U ⊗ Ū )†


Taking the partial transpose on H in (A1) and using the
above identities, we obtain
Z
(U ⊗ Ū )S T2 (U ⊗ Ū )† dµ(U )

where Dq (·) := (1 − q) id +q Tr(·)π is an |A|-dimensional
depolarizing channel, which has strongly additive Holevo
information as proved by King [6].
Appendix B: Proof of Theorem III.14

U

df 0 − s
ds − f 0
0 ⊗H +
1
Φ
H
d3 − d
d2 − 1
s−f
d2 f − s
= 2
1H0 ⊗H + 2
Φ,
d −1
d −1

where f = Tr S T2 Φ = f 0 /d and s = Tr S = Tr S T2 .
Choosing S = T T2 and noting that s = t for this choice
proves the claim.
=

We are now ready to prove Lemma III.3:

†

N (·) = UA (g) N (UA (g) · UA (g) )UA (g).

(A2)

Let B denote the basis for HA with respect to which the
unnormalized maximally entangled vector γAA0 in (1) is
defined. Then, due to (A2), the Choi operator NAB :=
(idA ⊗N )(γAA0 ) of N is equal to
NAB =

1 X
(ŪA (g) ⊗ UA (g))NAB (ŪA (g) ⊗ UA (g))†
|G|
g∈G

(A3)
where X̄ denotes the complex conjugate of an operator
X with respect to the basis B. The formula (A3) follows
from the ‘transpose trick’ identity (A ⊗ 1)|γi = (1 ⊗
AT )|γi. Since UA (g) ∈ U(HA ) is a unitary two-design,
we further have
1 X
(ŪA (g) ⊗ UA (g))NAB (ŪA (g) ⊗ UA (g))†
NAB =
|G|
g∈G
Z
=
dµ(U ) (Ū ⊗ U )NAB (Ū ⊗ U )†
U (HA )

= x1AB + yΦAB ,

(A4)

where |ΦiAB := √1 |γiAB , the last equality follows from
|A|

Lemma A.1 in Appendix A, and
|A| − f
x=
|A|2 − 1

|A|2 f − |A|
y=
|A|2 − 1

with f = hΦ|NAB |ΦiAB . Hence, setting q = |A|x and
y
noting that |A|
= 1 − q, we can rewrite (A4) as
NAB = x1AB + yΦAB

χ(N ) =

max

{pX (x),ψ x }

{H(B)ω − H(E|X)ω },

(B1)

where

Proof of Lemma III.3. The covariance of N with respect
to {UA (g)}g∈G can be written as
†

The following proof of Theorem III.14 is closely related
to the one of [33, Theorem 20.4.1] and previous methods
employed in the proof of Theorem II.6.
From the proof of [33, Theorem 20.4.1], we know that
the Holevo information of a quantum channel NA→B can
be written as

ωXBE =

X
x

N
x
pX (x)|xihx|X ⊗ VA→BE
(ψA
),

x
}x is a set of pure
pX is a probability distribution, {ψA
N
states, and VA→BE is a Stinespring dilation of NA→B .
It is convenient to distinguish between the output system E of the complementary channel Nc and the output
system Ẽ of DB→Ẽ ◦ NA→B , where Ẽ ∼
= E. For n ∈ N,
let
X
x
ρXAn =
pX (x)|xihx|X ⊗ ψA
n
x

x
be an arbitrary cq state, where each ψA
n is a pure state.
By assumption, we have that

1
kNc − DB→Ee ◦ NA→B k ≤ ε.
2

(B2)

We define the following cq states for 1 ≤ t ≤ n − 1:


⊗n 
0
σXB
idX ⊗ V N
(ρXAn ),
n E n :=


⊗t
t
⊗(n−t)
:=
σX
id
⊗
[D
◦
N
]
⊗
N
(ρXAn ),
X
c
Ẽ≤t E>t




⊗n
n
σXF
idX ⊗ U D ◦ N
(ρXAn ),
n Ẽ n :=
N
D
where V N ≡ VA→BE
and U D ≡ UB→F
is an isometric
Ẽ
extension of DB→Ẽ .
The multi-letter version of (B1) that we are interested
in bounding is

H(B n )σ0 − H(E n |X)σ0 = H(F n Ẽ n )σn − H(E n |X)σ0 ,
where the equality holds because entropy is invariant
with respect to applying the isometry U D . For an
entanglement-breaking channel DB→Ẽ ◦NA→B and for all
i
integers n > 1, there exist states ωX
for 1 ≤ i ≤ n,
i Fi Ẽi
each having the form
X
i
:=
ωX
pXi (xi )|xi ihxi |Xi ⊗ (UiD ◦ Ni )(φxAii )
i Fi Ẽi
xi
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D
and Ni ≡ NAi →Bi , such that the
with UiD ≡ UB
i →Fi Ẽi
following entropy inequalities hold [33, Theorem 20.4.1]:

n

n

H(F Ẽ )σn ≤

n
X

{pX (x),ψ }

H(Fi Ẽi )ωi

i=1

−H(Ẽ n |X)σn

h
i
≤ n H(F Ẽ)ω − H(Ẽ|X̃Z)ω + n (2ε log |E| + g(ε))
n
o
≤ n max x H(F Ẽ)ξ − H(Ẽ|X)ξ

= H(F Ẽ|Z)ω ,
n
X
≤−
H(Ẽi |Xi )ωi

(B3)

i=1

= −nH(Ẽ|X̃Z)ω ,

(B4)

where the state ωZ X̃F Ẽ is defined as

+ n (2ε log |E| + g(ε)).
The first inequality follows from (B3) and (B6). The
second inequality follows from the chain rule. The final
inequality follows because the state ωZ X̃F Ẽ is a particular one to consider for optimizing the entropy difference.
Furthermore, it suffices to optimize over pure states due
to another application of the data processing inequality. Since we have shown the above chain of inequalities
for an arbitrary positive integer n and an arbitrary initial ensemble at the channel input, we can conclude the
statement of the theorem.

n

ωZ X̃F Ẽ :=

1X
i
,
|iihi|Z ⊗ ωX
i Fi Ẽi
n i=1

Appendix C: Properties of the amplitude damping
channel

and the register X̃ is taken to be large enough to contain
the contents of the largest Xi . Applying (B2), we find
that
1 t−1
t
− σX
k ≤ ε,
kσ
Ẽ≤t E>t 1
2 X Ẽ≤t−1 E>t−1

(B5)

for 1 ≤ t ≤ n by the definition of the diamond norm.
t−1
t
and σX
have the same
Moreover, σX
Ẽ E
Ẽ
E
≤t−1

>t−1

≤t

>t

We first prove Proposition IV.2, which states that
covP (Ap ) = p2 .
Proof of Proposition IV.2. We set G = P and argue by
employing Lemma II.3, proving the equality in (29) by
first showing that the maximally entangled qubit state
achieves the diamond norm and then that the resulting
trace distance is equal to p2 , i.e.,

marginals on the systems X Ẽ<t E>t . We get that

1
p
1
kAp − Ap,G k = kidR ⊗ [Ap − Ap,G ] (ΦRA )k1 = .
2
2
2

H(Et |Ẽ<t E>t X)σt−1 − H(Ẽt |Ẽ<t E>t X)σt

First, consider a general channel N and its twirled
version NG with respect to some covariance group
{(Ug , Vg )}g , where {Ug }g is a one-design. We again use
the notation N g := V g† ◦ N ◦ U g . Taking the generalized
divergence to be the trace distance, ψRA an arbitrary
pure state, and applying Lemma II.3, we find that

≤ 2ε log |E| + g(ε),
by applying (B5) and [38, Lemma 2]. By reasoning similar to that in the proof of [25, Theorem 3.4], consider
that
− H(E n |X)σ0
= −H(Ẽ n |X)σn − H(E n |X)σ0 + H(Ẽ n |X)σn
= −H(Ẽ n |X)σn
n h
i
X
−
H(Et |Ẽ<t E>t X)σt−1 − H(Ẽt |Ẽ<t E>t X)σt
t=1

≤ −H(Ẽ n |X)σn + n (2ε log |E| + g(ε))
≤ −nH(Ẽ|X̃Z)ω + n (2ε log |E| + g(ε)) .

(B6)

The final inequality is a consequence of (B4). We can
now bound the quantity H(F n Ẽ n )σn − H(E n |X)σ0 of
interest from above as follows:
H(F n Ẽ n )σn − H(E n |X)σ0
h
i
≤ n H(F Ẽ|Z)ω − H(Ẽ|X̃Z)ω + n (2ε log |E| + g(ε))

k(idR ⊗N ) (ΦRA ) − (idR ⊗NG ) (ΦRA )k1
1 X
≥
N g (ψRA ) ⊗ |gihg| − NG (ψRA ) ⊗ πG
g
|G|
1 X
kN g (ψRA ) − NG (ψRA )k1 ,
=
|G| g

1

where πG denotes the maximally mixed state (note that
for the second channel, we get the maximally mixed state
here because the channel is already symmetrized with
respect to the covariance group). The second equality
follows from how the trace norm decomposes when acting
on block-diagonal operators.
Applying the above inequality to the amplitude damping channel Ap and the symmetrized channel Ap,G with
covariance group given by the Pauli group on the input
and output, and noting that Ap is covariant with respect
to σZ , we find that
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kAp (ΦRA ) − Ap,G (ΦRA )k1 ≥

1
1
kAp (ψRA ) − Ap,G (ψRA )k1 + kσX Ap (σX ψRA σX )σX − Ap,G (ψRA )k1 .
2
2

For an amplitude damping channel, consider that Ap,G (·) = 21 Ap (·) + 12 σX Ap (σX (·) σX )σX . This implies that
kσX Ap (σX ψRA σX )σX − Ap,G (ψRA )k1 = σX Ap (σX ψRA σX )σX −

1
[Ap (ψRA ) + σX Ap (σX ψRA σX )σX ]
2

1
= kAp (ψRA ) − σX Ap (σX ψRA σX )σX k1
2
1
= Ap (ψRA ) − [Ap (ψRA ) + σX Ap (σX ψRA σX )σX ]
2

1

1

= kAp (ψRA ) − Ap,G (ψRA )k1 .

Combining with the above, this implies that the following
inequality holds for any state ψRA :

Ap (ΦRA ) − σX Ap (σX ΦRA σX )σX
p
= (|00ih00| + |10ih10| + |01ih01| − |11ih11|) ,
2

kAp (ΦRA ) − Ap,G (ΦRA )k1
≥ kAp (ψRA ) − Ap,G (ψRA )k1 .
This establishes that the diamond norm is achieved by
the maximally entangled state. We can then use the
above again to see that

of

Applying these Kraus operators to the maximally entangled state |Φi = √12 (|00i + |11i) leads to
p
1
|00ih00| + 1 − p|00ih11|
2 p

+ 1 − p|11ih00| + (1 − p) |11ih11|
p
K2 ΦK2† = |10ih10|
2
p
1
†
L1 ΦL1 =
(1 − p) |00ih00| + 1 − p|00ih11|
2 p

+ 1 − p|11ih00| + |11ih11|
p
L2 ΦL†2 = |01ih01|
2

kAp (ΦRA ) − σX Ap (σX ΦRA σX )σX k1 = 2p

kAp (ΦRA ) − Ap,G (ΦRA )k1 = p.

To compute the value of the right-hand side, recall that
the Kraus operators of the amplitude damping channel
Ap are given by
p
K1 = |0ih0| + 1 − p|1ih1|
√
K2 = p|0ih1|,

K1 ΦK1† =

implying that

and in turn that

kAp (ΦRA ) − Ap,G (ΦRA )k1
1
= kAp (ΦRA ) − σX Ap (σX ΦRA σX )σX k1 .
2

which implies that the Kraus operators
σX Ap (σX (·) σX )σX are given by
p
L1 = |1ih1| + 1 − p|0ih0|
√
L2 = p|1ih0|.

Then we find that

This concludes the proof.
Next, we prove Proposition IV.3, which states that
√
(1 − p)(2 1 − p − p)
1−p
EB(Ap ) ≥ f (p) :=
≥
.
2
4(1 − p) − p
2
Note that numerics suggest that f (p) is in fact optimal,
i.e., EB(Ap ) = f (p).
Proof of Proposition IV.3. We prove the lower bound on
EB(Ap ) by judiciously choosing a feasible point of the
primal SDP for EB(Ap ). The primal SDP can be obtained from the dual formulation in (10) by standard
†
techniques (we use the notation hXA , YA i := Tr(XA
YA )
for the Hilbert-Schmidt inner product):
1
(hNAB , Ap i − Tr(HA ))
2
subject to: Tr(MA ) ≤ 2
NAB ≤ MA ⊗ 1B
maximize:

TB
NAB + PAB
≤ HA ⊗ 1B
MA ≥ 0
NAB ≥ 0
PAB ≥ 0
†
HA = HA
,

(C1)
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where Ap is the Choi operator of the amplitude damping
channel Ap ,
√


1
0 0 1−p
0 0
0 
 0
Ap = (id ⊗Ap )(γ) = 
. (C2)
0
0
p
0
√
1−p 0 0 1−p
We now make the following ansatz for the variables appearing in the primal SDP in (C1) (with a dot representing a zero for improved readability):5




q1 . . r
. .
. .
. . . .
. q1 −r .
NAB = 
PAB = 
. . . .
. −r q2 .
r . . q2
. .
. .




q .
q +r
.
HA = 1
MA = 1
, (C3)
. q2
.
q2 + r
where q1 , q2 , r ≥ 0 are real parameters satisfying
r 2 = q1 q2

and

1
r = 1 − (q1 + q2 ).
2

(C4)

It is easy to check that, imposing the conditions (C4) on
q1 , q2 , r, the choices of NAB , PAB , HA , MA in (C3) satisfy
all constraints in (C1). Moreover, for these choices the
objective function reduces to

1
1 p
(hNAB , Ap i − Tr(HA )) =
2r 1 − p − pq2 . (C5)
2
2
With the constraints (C4), the objective function
(C5) can be determined as a function f (p) using the method of Lagrange multipliers, which we
carried out in the attached Mathematica notebook
amp_damp_EB_parameter.nb. This yields
√
(1 − p)(2 1 − p − p)
.
f (p) =
4(1 − p) − p2
It is furthermore easy to see that f (p) ≥ 12 (1 − p), which
proves the claim.

so that
id(|1ih1|) − Ap (|1ih1|) = |1ih1| − (1 − p)|1ih1| − p|0ih0|
= p|1ih1| − p|0ih0|,
and then
k(id ⊗ id)(|11ih11|) − (id ⊗Ap )(|11ih11|)k1
= kid(|1ih1|) − Ap (|1ih1|)k1
= 2p.
We thus need to prove that the value of 2p is indeed
optimal. One way to show this is by SDP duality as
follows. Consider the bipartite operator

 2
q
0
0
q

p
2
 0 p − q 0 0
:=
ZAB
p
,

0
0
0 0
q
0
0 p
√
where q := 1 − 1 − p. It is easy to check (see
amp_damp_feasible_Z.nb in the ancillary files) that
ZAB ≥ 0

and

ZAB ≥ γ − Ap ,

(C6)

where γ ≡ |γihγ| is the Choi operator of id, and where
Ap is the Choi operator of Ap as given in (C2). The
two conditions (C6) show that ZAB is a feasible point
for the dual SDP of 21 k id −Ap k in (2). Furthermore,
TrB ZAB = p1A , which shows that 12 k id −Ap k ≤ p,
concluding the proof.
In the following, we also give an analytical proof of the
fact that k id −Ap k ≤ 2p. We consider only the interval
p ∈ (0, 1] because otherwise the diamond norm is trivially
equal to zero, given that the amplitude damping channel
Ap becomes the identity channel for p = 0. The identity
channel and the amplitude damping channel are jointly
covariant with respect to the group {I, σZ }. Applying
Proposition II.4, we find that the optimal state for the
diamond norm of the difference id −Ap takes the form:
p
√
|φq i ≡ q|0i|0i + 1 − q|1i|1i,

To conclude, we prove the fact that the amplitude
damping channel Ap is a low-noise channel in the sense
of [59], i.e., k id −Ap k = 2p.

for some q ∈ [0, 1]. By following steps similar to those in
the proof of Proposition IV.2, we find that

Proof of Proposition IV.1. By sending in the state |1ih1|
(with trivial purification |11ih11|) to both channels, we
first obtain the following lower bound:

|φq ihφq | − (id ⊗Ap ) (|φq ihφq |)


p
p
= q (1 − q) 1 − 1 − p (|00ih11| + |11ih00|)
+ p (1 − q) (|11ih11| − |10ih10|) .

kid −Ap k ≥ 2p.
Indeed, consider that
Ap (|1ih1|) = (1 − p)|1ih1| + p|0ih0|,

5

The ansatz in (C3) and (C4), which seems rather ad-hoc at first,
was determined by carefully analyzing the optimal numerical solutions to the SDP in (C1).

One can compute that the eigenvalues of the above matrix are given by


p
1
0, p(q − 1),
p (1 − q) ± (1 − q) r(p, q)
,
2
where


p
r(p, q) := p2 (1 − q) + 8q 1 − 1 − p − 4pq.
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This implies that the trace
(id ⊗Ap ) (|φq ihφq |) k1 is equal to
f (p, q) := p (1 − q) +

p

norm

k|φq ihφq | −

(1 − q) r(p, q).

We note that r(p, q) ≥ 0 for all p ∈ (0, 1] and q ∈ [0, 1],
which follows because r(p, 0) = p2 ≥ 0 and
p
d
r(p, q) = 8(1 − 1 − p) − p (4 + p) ≥ 0,
dq
on p ∈ (0, 1], implying that r(p, q) is monotone increasing
in q on the interval [0, 1], for all fixed p ∈ (0, 1]. Consider
that
f (p, 0) = 2p.
Our aim is to show that for fixed p ∈ (0, 1], the function
f (p, q) is monotone decreasing in q on the interval [0, 1].
If this holds, then we can conclude the statement of the
d
proposition. To this end, we will compute dq
f (p, q) and
d
show that dq f (p, q) ≤ 0 for all p ∈ (0, 1] and q ∈ [0, 1].
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(2015), 10.1038/ncomms7739, arXiv:1408.5115 [quantph].
[21] N. Cai, A. Winter, and R. W. Yeung, Problems of Information Transmission 40, 318 (2004).
[22] G. Smith, J. M. Renes, and J. A. Smolin, Physical Review Letters 100, 170502 (2008), arXiv:quantph/0607018.
[23] I. Devetak and P. W. Shor, Communications in
Mathematical Physics 256, 287 (2005), arXiv:quantph/0311131 [quant-ph].
[24] G. Smith, Physical Review A 78, 022306 (2008),
arXiv:0705.3838 [quant-ph].
[25] D. Sutter, V. B. Scholz, A. Winter, and R. Renner, IEEE
Transactions on Information Theory 63, 7832 (2017),
arXiv:1412.0980 [quant-ph].
[26] K. Sharma, M. M. Wilde, S. Adhikari, and M. Takeoka,

23
arXiv preprint (2017), arXiv:1708.07257 [quant-ph].
[27] M. E. Shirokov, Journal of Mathematical Physics 58,
102202 (2017), arXiv:1512.09047 [quant-ph].
[28] W. F. Stinespring, Proceedings of the American Mathematical Society 6, 211 (1955).
[29] J. Watrous, Theory of Computing 5 (2009),
10.4086/toc.2009.v005a011, arXiv:0901.4709 [quantph].
[30] N. Sharma and N. A. Warsi, Physical Review Letters
110, 080501 (2013), arXiv:1302.5281 [quant-ph].
[31] M. M. Wilde, A. Winter, and D. Yang, Communications in Mathematical Physics 331, 593 (2014),
arXiv:1306.1586 [quant-ph].
[32] G. Lindblad, Communications in Mathematical Physics
39, 111 (1974).
[33] M. M. Wilde, Quantum information theory, 2nd
ed. (Cambridge University Press, Cambridge, 2016)
arXiv:1106.1445 [quant-ph].
[34] T. Cooney, M. Mosonyi, and M. M. Wilde, Communications in Mathematical Physics 344, 797 (2014),
arXiv:1408.3373 [quant-ph].
[35] M. Tomamichel, M. M. Wilde, and A. Winter, IEEE
Transactions on Information Theory 63, 715 (2017),
arXiv:1406.2946 [quant-ph].
[36] W. Matthews, “The post-selection method: Bounding
the diamond distance between covariant maps,” (July
2010), unpublished.
[37] D. Leung and G. Smith, Communications in Mathematical Physics 292, 201 (2009), arXiv:0810.4931 [quant-ph].
[38] A. Winter, Communications in Mathematical Physics
347, 291 (2016), arXiv:1507.07775 [quant-ph].
[39] C. Dankert, R. Cleve, J. Emerson, and E. Livine,
Physical Review A 80, 012304 (2009), arXiv:quantph/0606161.
[40] A. S. Holevo, Quantum systems, channels, information:
a mathematical introduction, Vol. 16 (Walter de Gruyter,
2013).
[41] E. Magesan, J. M. Gambetta, and J. Emerson, Physical Review Letters 106, 180504 (2011), arXiv:1009.3639
[quant-ph].
[42] D. P. DiVincenzo, D. W. Leung, and B. M. Terhal, IEEE
Transactions on Information Theory 48, 580 (2002),
arXiv:quant-ph/0103098.
[43] R. Cleve, D. Leung, L. Liu, and C. Wang, Quantum Information and Computation 16, 0721 (2016),
arXiv:1501.04592 [quant-ph].
[44] M. Horodecki, P. W. Shor, and M. B. Ruskai, Reviews
in Mathematical Physics 15, 629 (2003), arXiv:quantph/0302031.
[45] M. Horodecki, P. Horodecki, and R. Horodecki, Physics
Letters A 223, 1 (1996), arXiv:quant-ph/9605038.
[46] M. M. Wolf, Quantum Channels and Operations - Guided
Tour (Lecture notes, 2012).
[47] K. Brádler, P. Hayden, D. Touchette, and M. M. Wilde,
Physical Review A 81, 062312 (2010), arXiv:1001.1732
[quant-ph].

[48] P. W. Shor, Quantum Information, Statistics, Probability (Dedicated to A. S. Holevo on the occasion of his 60th
Birthday): The classical capacity achievable by a quantum channel assisted by limited entanglement (Rinton
Press, Inc., 2004) Chap. The classical capacity achievable
by a quantum channel assisted by limited entanglement,
pp. 144–152, quant-ph/0402129.
[49] I. Devetak, A. W. Harrow, and A. Winter, IEEE
Transactions on Information Theory 54, 4587 (2008),
arXiv:quant-ph/0512015.
[50] M.-H. Hsieh and M. M. Wilde, IEEE Transactions on
Information Theory 56, 4682 (2010), arXiv:0811.4227
[quant-ph].
[51] M. H. Hsieh and M. M. Wilde, IEEE Transactions on
Information Theory 56, 4705 (2010), arXiv:0901.3038
[quant-ph].
[52] M. M. Wilde and M.-H. Hsieh, Quantum Information
Processing 11, 1431 (2012), arXiv:1004.0458 [quant-ph].
[53] L. Gao, M. Junge, and N. LaRacuente, arXiv preprint
(2015), arXiv:1509.07294 [quant-ph].
[54] D. Kretschmann, D. Schlingemann, and R. F. Werner,
IEEE Transactions on Information Theory 54, 1708
(2008), arXiv:quant-ph/0605009.
[55] Q. Wang, S. Das, and M. M. Wilde, Quantum Information Processing 16, 248 (2017), arXiv:1611.07651.
[56] H. Qi and M. M. Wilde, Physical Review A 95, 012339
(2017), arXiv:1605.04922.
[57] T. Cubitt, “quantinf,” (2005–2017), MATLAB package.
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